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Abstract
The development of two advanced reduced-basis methods, the force-
derivative method and the Lanczos method, and modifications to two widely
used modal methods, the mode-displacement method and the mode-
acceleration method for transient structural analysis of unconstrained structures
are presented. Two example structural problems are studied: an undamped,
unconstrained beam subject to a uniformly distributed load which varies as a
sinusoidal function of time and an undamped high-speed civil transport aircraft
subject to a normal wing tip load which varies as a sinusoidal function of time.
These example problems are used to verify the methods and to compare the
relative effectiveness of each of the four reduced-basis methods for performing
transient structural analyses on unconstrained structures. The methods are
verified with a solution obtained by directly integrating the full system of
equations of motion, and they are compared using the number of basis vectors
required to obtain a desired level of accuracy and the associated computational
times as comparison criteria.
Introduction
The transient analysis of complex structures that are modeled as discrete,
multidegree-of-freedom systems often requires the solution of very large,
coupled systems of equations. Calculation of the transient structural response
for such large systems is computationally expensive and, as a result, methods
that can significantly reduce the problem size and computational cost and still
retain solution accuracy are highly desirable. A class of methods, called
reduced-basis methods, has been developed which approximates the solution
of the complete system of equations using a much smaller or reduced set of
generalized basis vectors 1-5. Examples of basis vectors that have been
investigated include: eigenvectors 14, Ritz vectors 5, Lanczos vectors s, and
combinations of the above 7. A reduced-basis method that uses the
eigenvectors of a system is referred to herein as a modal method. Similarly, a
reduced-basis method that uses Lanczos vectors as basis vectors is referred to
herein as the Lanczos method.
Recently, a comparison was made of four reduced-basis methods for
transient structural analysis. 8 The methods studied included two widely used
modal methods, the mode-displacement method (MDM) and the mode-
acceleration method (MAM). Two advanced reduced-basis methods, including
a higher-order modal method referre.d to as the force-derivative method (FDM)
and the Lanczos method, were also studied. The relative merits of each of
these methods are discussed in reference 8. These four methods were
compared in terms of the number of basis vectors required to obtain a desired
level of accuracy and the associated computational times. The results indicate
that, in general, the FDM is the most effective method in terms of the number of
basis vectors required for an accurate solution and the associated
computational time.
The purpose of the present study is to extend the work of reference 8 to
include the analysis of unconstrained (free-free) structures. The analysis of
such structures using the previously mentioned reduced-basis methods must
account for the rigid-body motion of the structure. Analyses using the MAM, the
FDM and the Lanczos method are further complicated by the fact that the
stiffness matrix of the system is singular and cannot be inverted. Since these
three methods use the inverse of the stiffness matrix, the development of the
theory for these methods must be modified. The present paper describes the
necessary modifications to the theory for all the reduced-basis methods
considered and presents applications of these methods to two example
problems. The scope of the example problems presented in the present report
is not intended to be exhaustive since several of the problem parameters
considered in reference 8 are not considered here. These parameters include:
the time variation of the forcing function, the inclusion of different types of
damping (i.e., proportional and non-proportional), and the spatial distribution of
the forcing function. The two problems were selected to verify the modified
theories and to enable a limited comparison of the methods to be made.
As in reference 8, the four reduced-basis methods are compared in terms of
the number of basis vectors required to achieve a desired level of accuracy, as
well as the associated computational time for each method. The approximate
solutions obtained using the modified reduced-basis methods are verified with
and compared to a full-system solution calculated by directly integrating the full
system of equations of motion using the Newmark-Beta implicit time integration
method. The four reduced-basis methods have been implemented on a
CONVEX C220 high-performance computer using the COmputational
MEchanics Testbed (COMET) 9 as a general-purpose finite-element code.
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Symbols
flexibility matrix, a = K-1
elastic flexibility matrix
damping matrix
spatial error norm
modulus of elasticity
force vector
identity matrix, moment of inertia
stiffness matrix
length
mass matrix, moment
subset of total number of degrees-of-freedom, m << n
total number of degrees-of-freedom
number of elastic degrees-of-freedom
number of rigid-body degrees-of-freedom
ith Lanczos vector
matrix of Lanczos vectors
tridiagonal matrix generated by Lanczos-vector-based eigensolver
time
displacement
ith generalized coordinate
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XYi
Y
vector of generalized coordinates
ith basis vector
matrix of basis vectors
Greek
o_,1_
At
A
P
*i
q_
Integration constants for Newmark-Beta method
time step used in Newmark-Beta time integration
ith modal viscous damping factor
matrix of damping coefficients (A = _Tc_), see Eq. (5b)
density
ith undamped eigenvector
matrix of undamped eigenvectors
ith undamped natural frequency
diagonal matrix of undamped natural frequencies
Subscripts
a approximate solution, see Eq. (38)
E elastic
f full-system solution, see Eq. (38)
R rigid-body
S stress
derivative with respect to time
A reduced set of m basis vectors, eigenvalues, or generalized
coordinates
T transpose
Determination of the Full-System Solution
The approximate solutions obtained using the four modified reduced-basis
methods are verfied with and compared to a full-system solution obtained by
integrating directly the full system of equations of motion using the Newmark-
Beta implicit time-integration method. The equations of motion to be solved
represent a damped, linear, structural system with n degrees-of-freedom, and
they can be written in discrete form as
MG+ Cu+Ku = f(t) (1)
where
M, C and K are (n x n) matrices
G is the acceleration vector (n x 1)
is the velocity vector (n x 1)
u is the displacement vector (n x 1)
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and
f(t) is the load vector (n x 1)
Although the theory presented herein includes damping, only undamped
structures are considered in the present study. The damping matrix, C, used in
the present study will take one of two forms depending upon whether or not the
damping is proportional or non-proportional. If the damping is proportional, with
a modal viscous damping factor _i defined for each of the first m modes of the
system, the damping matrix is calculated to be (see reference 10)
m
C = _, 2(,(o, (M_,)(Me, ) T (2)
i=1
If the damping is non-proportional (i.e., containing discrete dampers), the
damping matrix will be diagonal with the damping factors of the dashpots
inserted into the correct positions of the matrix. For example, a translational
damper with a damping factor of 0.8 in-sec at node 1 of a beam with two
degrees-of-freedom at each node would result in a value of 0.8 being placed in
the C(1,1) position.
The system of equations given in Eq. (1) is solved at discrete times using
the Newmark-Beta method as described in references 10 and 11 to yield the
full-system solution. The method is used with assumed values of the integration
constants (z and 13to be 0.25 and 0.50, respectively. Therefore, the method is
equivalent to the trapezoidal rule or the constant-average-acceleration
methodlO-11. The time step, At, is equal to 0.0001 sec. This value was selected
by conducting several analyses of a cantilevered beam example problem while
successively decreasing the time step until no appreciable change in the full-
system solution was apparent. For large problems, the direct integration of the
full system of equations can be prohibitively expensive in terms of
computational cost.
Reduced-Basis Methods for Constrained Structures
A review of the general theory of reduced-basis methods is given in
reference 8. The equations for the four methods considered in the present
study as well as descriptions of each method are also given in reference 8. For
completeness, these equations are repeated here and a brief description of
each method is given.
Modal methods
The three modal methods studied in the present paper are the mode-
displacement method (MDM), the mode-acceleration method (MAM), and the
force-derivative method (FDM). A unified derivation of all of these methods is
presented in references 12-14. This derivation clarifies the mathematical
relationship between the three methods and shows that the MDM may be
considered to be a zeroth-order form of the FDM, and the MAM may be
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considered to be a first-order form of the FDM. For the MDM, the displacement,
u(t), is approximated by the superposition of a subset of m eigenvectors of the
system scaled by a set of generalized coordinates known as modal coordinates,
as shown in Eq. (3).
m
u(t) = _ _ixi(t) = _ff(t) (m << n) (order 0) (3)
i=1
where
and
xi(t)
is the ith undamped natural eigenvector (n x 1)
is the ith modal coordinate (scalar)
is an (n x m) matrix whose columns contain the undamped
natural eigenvectors
_(t) is an (m x 1) vector containing the modal coordinates.
For structural systems where M, C and K are symmetric, the modal coordinates,
_(t), are obtained by solving
Mx(t) + Cx(t)+ R_(t)= f(t) (mxm) (4)
where
and
_=_TM_= I (5a)
= _Tc_ = j_ (5b)
_= _TK_=_2 (5c)
}(t) = _Tf(t) (5d)
The displacement response may then be obtained by substituting the modal
coordinates, _(t), into Eq. (3).
The MAM was developed to improve the convergence of the stress
solutions from the MDM. The MAM is a first-order method that contains the
results from the zeroth-order MDM plus an additional term, and, as shown in
references 12-14, can be put into the following form
u(t) = _ +(K -1 _ _-2_T)f(t) (order 1) (6)
The last term in Eq. (6) is called a pseudo-static correction term because it
contains the static displacement of the system, K-if(t), and an additional
correction factor. This term serves to approximate the flexibility of the higher
modes that are neglected by using a reduced set of modes in the analysis 1°.
The force-derivative method (FDM) is a higher-order modal method that
was developed to improve the convergence rates of the MDM and the MAM. A
second-order expression of the FDM is given by
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u(t) = _f(+(K -1-_-2(_T)f(t)-(K-1CK-I-_-2.'LQ-2_T)f(t) (order 2) (7)
As shown in Eq. (7), the second-order form consists of the first-order MAM plus
a higher-order term multiplied by the first derivative of the forcing function with
respect to time. As for the case of the MAM, the additional term serves to
approximate better the flexibility of the higher modes that are neglected by the
use of a reduced set of modes. Furthermore, increasing the order of the
approximation results in the addition of higher-order terms multiplied by
successively higher-order time derivatives of the forcing function 12-14. Hence,
the order of the FDM used is dependent upon the number of time derivatives of
the forcing function that exist. For example, if the forcing function is described
by a quadratic function of time, (for which there exists a maximum of two non-
zero time derivatives), the highest-order FDM that will yield useful results is
order 3. If an order higher than three is used, all the additional terms (past order
3) would be zero. The form of the FDM used in Eq. (7) was shown in references
12-14 to be valid for both proportional and non-proportional damping.
Lanczos method
The Lanczos method uses Lanczos vectors as basis vectors instead of
using undamped natural eigenvectors as basis vectors. The Lanczos vectors
are obtained using the Lanczos algorithm as described in references 6 and 15-
18. Besides the Lanczos vectors, the Lanczos algorithm produces the terms of
a tridiagonal matrix 17-18, Tin, of order m. The use of the Lanczos vectors and T m
in the transient analysis is described subsequently.
For this method, the displacements, u(t), are approximated by the
superposition of a set of m Lanczos vectors scaled by a set of generalized
coordinates known as Lanczos coordinates
where
and
m
u(t) = 7_.q,xi(t) = (3 _(t) (m << n) (8)
i=1
qi
xi(t)
(5
is the ith Lanczos vector (n x 1)
is the ith Lanczos coordinate (scalar)
is an (n x m) matrix whose columns contain the Lanczos
vectors
_(t) is an (m x 1) vector containing the Lanczos coordinates.
As with the modal methods, the Lanczos coordinates may be obtained by
solving Eq. (4) with the barred terms as defined by Eqs. (9).
......._-__TMK,IM(_ ='Tin
= ()TMK-1C(_
K = ()TM(_ = I
(9a)
(9b)
(9c)
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and
f(t)=(_TMK-lf(t) (9d)
The displacement response may then be obtained by substituting the Lanczos
coordinates, _(t), into Eq. (8).
Reduced-Basis Methods for Unconstrained Structures
The theory presented for the MDM, the MAM, the FDM and the Lanczos
method must be modified to allow for the analysis of unconstrained (free-free)
structures. One reason that the theory must be modified is that the rigid-body
displacements must be calculated and included in the transient response of the
structure. Another reason for modifying the theory is that the stiffness matrix for
an unconstrained system is singular and cannot be inverted. Since the MAM,
the FDM, and the Lanczos method use the inverse of the stiffness matrix,
modifications must be made to the theory for these methods to account for this
singularity. A discussion of the modified theory for each of the methods is
presented subsequently.
Mode-displacement method (MDM)
The modifications to the theory for the MDM presented herein follow those given
in reference 10. However, the theory presented herein includes systems with
damping, while the theory presented in reference 10 does not. The
displacement, u(t), of an n-degree-of-freedom system with N R rigid-body modes
and N E elastic modes (i.e., n = N R + N E) is equal to the sum of the rigid-body
displacements, UR(t) and the elastic displacements, UE(t), as shown in Eq. (10).
u(t) = Ua(t) + UE(t) (10)
The rigid-body displacements can be written as the superposition of the
rigid-body modes scaled by a set of rigid-body coordinates, and the elastic
displacements can be written as the superposition of the elastic modes scaled
by a set of elastic coordinates, as shown in Eqs. (11).
and
where
and
UR(t) = _RXR(t)
UE(t ) = _EXE(t)
_R
XR(t)
_E
XE(t)
(1 la)
(11b)
is an (n x NR) matrix whose columns contain the rigid-body
modes
is an (N R x 1)vector containing the rigid-body coordinates
is an (n x NE) matrix whose columns contain the elastic
modes
is an (N E x 1) vector containing the elastic coordinates.
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Substituting Eqs. (11) into Eq. (10) yields
u(t) = uR (t)+ UE(t ) = _RXR (t)+ _EXE (t) (12)
Substituting Eq. (10) into the equations of motion, Eq. (1), and noting that
Ku R = 0 results in the following equation
M_ R + Cl'l R + M(JE + CUE -I-KU E = f(t) (13)
Substituting Eq. (11a) into Eq. (13), and premultiplying by _RT yields
MaXR + CRXR = ¢_f(t) (14)
where
MR = _M_. =1 (15a)
C, =_Tc_ R (15b)
However, noting the definition of C given in Eq. (2) and the orthogonality
condition expressed in Eq. (15a), it may be shown that CR = 0 for proportional
damping. Similarly, substituting Eq. (11b) into Eq. (13), and premultiplying by
_m yields
MERE +CEkE +KEXE = ¢_f(t) (16)
where
and
KE =@TK@E =_2
(17a)
(17b)
(17c)
To determine the displacements using the MDM, Eq. (12) is used with all of
the rigid-body modes and a reduced set of m elastic modes, where m is typically
much smaller than N E. Therefore,
u(t) = UR(t)+ _E(t)= _RXR(t) + _EX:E(t) (order O) (18)
where
and
UE(t)
SE
:XE(t)
is an (m x 1) vector containing the approximate elastic
displacements
is an (n x m) matrix whose columns contain the m elastic
modes
is an (m x 1) vector containing the m elastic coordinates.
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The rigid-body coordinates, xR(t), are calculated by integrating Eq. (14) using
all of the rigid-body modes, and the elastic coordinates, XE(t), are calculated by
integrating Eq. (16), using a reduced set of m elastic modes. The
displacements, u(t), are then calculated by substituting these coordinates into
Eq. (18).
Mode-acceleration method (MAM) and force-derivative method (FDM)
Since the stiffness matrix for an unconstrained system is singular and cannot be
inverted, the MAM and FDM cannot be used in the forms given in Eqs. (6) and
(7) because the static-displacement term, K-if(t), cannot be calculated. As a
result of this singularity, the theory for the MAM and FDM must be modified. The
modifications that have been made to the theory are described subsequently,
and they follow those given in reference 10. However, damping is included in
the theory presented herein, while it is neglected in reference 10.
Mode-acceleration method (MAM)
Solving Eq. (16) for xE(t) and substituting the resulting expression into Eq.
(12) yields
u(t) = d_.XR (t)+ (_E_'_t)f(t)--(_EK;1ME )_E (t)--(_EK;'CE )kE (t)(19)
The first term in Eq. (19) is exactly equal to the rigid-body term in the mode-
displacement method since all of the rigid-body modes are used. To derive an
expression for the MAM, the last two terms of Eq. (19) are truncated to use a
reduced set of m elastic modes. The resulting equation is
w-1 Tu(t)=d_RXR(t)+(4_EK E _E)f(t)--(_E_'I_IE)xE(t)--(_E_;'_E)XE(t) (20)
Rewriting Eq. (20) in a form that is similar to that given in reference 10 yields
where
u(t) = _.XR (t) + aEf(t)-- (_E_'_E)XE (t)-- (_E_'_E)XE (t) (21)
aE = _EK_I_ T (22)
The product aEf(t) in Eq. (21) is an expression for the static-displacement
described previously, and is analogous to the product K-if(t) in Eq. (6). An
expression for the elastic flexibility matrix, a E, is given in Eq. (22). However,
computing a E using Eq. (22) requires that all of the elastic modes be used. In
reference 10, Craig derives an equivalent expression for a E that does not
require the use of all of the elastic modes. The details of this derivation are
omitted here, but the equivalent expression for a E is given in Eq. (23).
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a E = RTaR (23)
where
and
aE
a
is the elastic flexibility matrix
is the flexibility matrix (i.e., a = K q) of the system relative to
some statically deteminate constraints with zeros in the
rows and columns corresponding to the constraints
R I M_R --1 Z= -- MR _R
An expression for the MAM that is similar to that given in Eq. (6) may now be
developed by following the alternate natural-mode formulation of the FDM given
in reference 14. This formulation involves expressing the solution for the elastic
modal coordinates, X:E(t), by using the Duhamel integral as shown in Eq. (24).
Assuming zero initial conditions, the solution to Eq. (16) for the ith elastic modal
coordinate, XEi(t), may be written as
XEi(t) = 1 } e;iCOE,(t-_) sin O)di(t _ 1:)_Tif(l:)d1:
00dr 0
(24)
where
(25)
and
_i is the modal viscous damping factor
A vector of m elastic coordinates, _E(t), may be calculated using Eq. (24),
and then, using Leibnitz's rule, expressions for xE(t ) and xE(t ) may be obtained
and substituted into Eq. (21) to yield (after simplification)
u(t) = _RXR (t) + SErE(t) + (aE - SE_'2_T)f(t) (order 1) (26)
Therefore, the analysis of structures with rigid-body modes using the MAM
requires the use of Eq. (26) with a E defined by Eq. (23). Comparison of Eqs. (6)
and (26) reveals that, as expected, the elastic flexibility matrix, a E, appears in
place of the inverse of the stiffness matrix, K-1.
Force-derivative method (FDM)
The development of higher-order forms of the FDM is similar to the
development for the MAM. First, Eq. (16) may be solved for xE(t ) to yield
x E (t) = K_'@ ETf(t)- K_'CEkE (t)- K_' ME2 E (t) (27)
10
Assuming that the forcing function, f(t) is sufficiently differentiable, Eq. (27) is
then differentiated once with respect to time to obtain the following expression
for XE(t )
k E(t) = EEI(t)Ti(t)-- KEICE_E (t)--KE1ME'_E (t) (28)
If Eq. (27) is substituted into Eq. (20), the following expression is obtained
u(t) = _RX. (t)+ aEf(t)--_EE_ICEE_I_f(t)
_EKE E)XE (t)+_I.((_)E_'E,_'EE_I_'E _ ---1_ ((_EEE1C'EEEIME)YE (t)
(29)
Using the definitions given in Eqs. (17), Eq. (29) may be rewritten as
u(t) = _RXR (t) + aEf(t)- aECaEf(t)
+(_E-O-_=2A E-O-E2AE- ([:)E_= 2 )XE (t)+ (_E_E 2AE_E 2 )XE (t)
(30)
To derive an expression for the FDM, a reduced set of modes and natural
frequencies, damping coefficients and generalized coordinates are used in the
last two terms in Eq. (30) to yield
u(t) = _RXR (t) + aEf(t)- aECaE}(t)
+(_E_E2 JkE_E.2JkE - _E_E 2 )XE (t) + (_E_E:2Z_E _E2 )XE (t)
(31)
Expressions for _E(t) and "_E(t) may be obtained from Eq. (24) by using
Leibnitz's rule. The modified expression for the second-order form of the FDM
may then be derived by substituting these expressions into Eq. (31). This
expression is given in Eq. (32).
u(t)=  RXR(t)+ (_E:XE (t)+ (aE- SE.Q 2 T)f(t)
-(aECaE- -2kE  -2 T)f(t)
(order 2) (32)
Comparing Eqs. (7) and (32) reveals that the elastic flexibility matrix, a E,
appears in place of the inverse of the stiffness matrix, K -1.
Lanczos method
The modifications to the theory of the Lanczos method are analogous to
those made for the MDM, the MAM, and the FDM. The rigid-body
displacements used for this method are identical to those calculated for the
MDM. Furthermore, by inspecting Eqs. (9) it is apparent that the theory for the
Lanczos method contains terms that have a form similar to the static-
displacement term, K-if(t), that is present in the MAM and the FDM. Therefore,
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the theory for the Lanczos method is modified by substituting the elastic
flexibility matrix, aE, for K-1 in Eqs. (9).
The displacements, u(t), for the Lanczos method can be written as the sum
of the rigid-body displacements and the elastic displacements, as shown in Eq.
(33).
u(t) = uR(t) + QE(t) = _RXR (t) + (_E_E(t) (33)
In Eq. (33), (_E and X:E(t) have definitions similar to those given for Q and
_(t) in Eqs. (9). The Lanczos coordinates, XE(t), are calculated by integrating
where
and
MERE +CEkE +KEXE = _f(t)
ME = (_TMaE M(_ = Trn
CE = (_TMaE C(_
K--E = QTM(_ = I
fE (t) = (_TMaEf(t)
(34)
(35a)
(35b)
(35c)
(35d)
As stated previously, Eqs. (35) are obtained by substituting a E for K -1 in Eqs. (9).
The displacements, u(t), are then calculated by substituting the Lanczos
coordinates, :XE(t), into Eq. (33). This method may be considered to be a hybrid
modaI-Lanczos method since it uses both rigid-body modes and Lanczos
vectors in the analysis.
Determination of the Basis Vectors and Computational Procedures
The four reduced-basis methods discussed in the present paper, as well as
the direct integration of the full system of equations of motion by the Newmark-
Beta time integration method, have been implemented on high-performance
computers and incorporated into the COmputational Mechanics Testbed
(COMET) general purpose finite element code. 9 The computational times
presented are for a CONVEX C220 high-performance computer.
The Lanczos vectors are computed by an eigensolver which is based on
the Lanczos algorithm described in references 15-18. Furthermore, it was
shown in references 17-18 that computing the natural frequencies and
eigenvectors of a structural system from a set of Lanczos vectors is much more
computationally efficient than using subspace iteration. The Lanczos-vector-
based eigensolver described in references 17-18 was implemented to take
advantage of the capabilities of high-performance computers, particularly those
with vector capabilities; therefore, it was also used to compute the natural
frequencies and eigenvectors for the example problems presented in the
present paper.
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The integration of Eqs. (14), (16) and (27) to calculate the rigid-body
coordinates, the elastic modal coordinates and the Lanczos coordinates,
respectively, is carried out using the Newmark-Beta implicit time-integration
method. The values of a, _, and At are identical to those for the full-system
solution.
The computational procedures followed for the calculations involving the
elastic flexibility matrix, a E, are described subsequently. The direct calculation
of the a E matrix using Eq. (23) requires that the flexibility matrix, a, (i.e., a = K-1)
be found relative to a set of statically determinate constraints. This calculation
would require a computationally intensive direct inversion of the stiffness matrix.
However, a significant amount of CPU time can be saved by recognizing that
the a E matrix usually appears in the equations in terms that are matrix-vector
products, as in the elastic static displacement term, aEf(t), that appears in Eq.
(26). This elastic static displacement term may be rewritten by substituting the
definition of a E (Eq. (23)) into it to yield
aEf(t ) = R TaRf(t) (36)
Therefore, the direct inversion of the stiffness matrix may be avoided by first
computing the product Rf(t), and then performing a static solution relative to the
aforementioned statically determinate constraints to generate the product
K-1Rf(t), or aRf(t). The elastic static displacement term may then be calculated
using Eq. (36) by premultiplying the product aRf(t) by RT.
A procedure similar to that just described may be used to compute the CE
term defined in Eq. (35b) for use with the Lanczos method. If the definition of a E
given in Eq. (23) is substituted into Eq. (35b), the following equation is obtained:
CE = (_T MRT aRC(_ (37)
The most important difference in the procedure to calculate this term is that the
number of static solutions that must be performed relative to the statically
determinate contraints is equal to m, the number of basis vectors being used in
the approximate solution. The calculation of the elastic static displacement term
described previously requires only one static solution The right-hand-side
vectors for the m static solutions required to calculate C E are the columns of the
(n x m) matrix defined by the product RC(_. These solutions yield the product
K-1RC(_ or aRC(_. The calculation of CE is then completed by premultiplying
the product aRC(_ by the product (_TMRT. Additional discussion of the other
computational procedures followed in the implementation of the reduced-basis
methods is given in reference 8.
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Spatial Error Norm
The accuracy of the transient response calculated using the reduced-basis
methods was evaluated quantitatively using a relative, spatial error norm
defined in references 12-14. Since the error norm selected is a spatial error
norm, it is calculated at only one point in time. The error norm used to evaluate
the approximate displacement solutions (referred to as the displacement error
norm) is defined in Eq. (38).
(38)
where
and
e u
5
Uf
Ua
is the displacement error norm
= Uf - Ua
is the displacement vector obtained from the full-system
solution
is the displacement vector obtained from an approximate
solution using a reduced set of basis vectors.
Similarly, a moment error norm, e M, and a stress error norm, e S, may be
obtained using Eq. (38) and replacing the displacement vectors with vectors
containing either nodal moment values or values of stress. The nodal moment
values and the stress values for all of the methods (including the full-system
solution) are computed by back substituting the displacement response
solutions into a stress post-processor in the COMET code. A discussion of the
effectiveness of the error norm in measuring the accuracy of the approximate
solutions is given in reference 8. In reference 8, an error limit was established
for the purposes of comparison. The value of this error limit was set equal to
0.01, and, in the present study, the approximate solutions obtained using the
reduced-basis methods will be considered to be converged when the value of
the error norm is equal to or less than this value.
Results and Discussion
Two example problems are presented to verify the four modifed reduced-
basis methods and to compare the convergence and computational time
requirements of each of the methods. The first example problem is an
unconstrained beam subject to a uniformly distributed load which varies as a
sinusoidal function of time. The second example problem is an unconstrained
high-speed civil transport aircraft subject to a normal wing tip load which also
varies as a sinusoidal function of time. The beam problem is a simple example
of the application of the modified theory, and the high-speed civil transport
problem is an example of the application of these methods for the analysis of
more complex, built-up structures. The transient responses of both structures
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calculated using the reduced-basis methods are verified with and compared to
the full-system solution obtained by integrating directly the full system of
equations of motion.
Results are presented which compare the number of basis vectors required
by each of the methods to reach a predetermined error limit corresponding to a
given value of the spatial error norm. Furthermore, computational times
required for each of the methods to reach the predetermined error limit are
presented and compared.
Unconstrained beam subject to a uniformly distributed load
The free-free beam example problem is illustrated in figure 1. The finite
element model of the beam consists of 51 nodes and 50 planar beam elements.
Each of the 51 nodes has two degrees-of-freedom, and there is a total of 102
degrees-of-freedom. The material properties, span length and moment of
inertia are all prescribed to have values of unity (E = 1 Ib/in 2, p = 1 Ibm/in 3, L =
1 in. and I = 1 in4). The forcing function, f(t), selected for this example varies as
a sinusoidal function of time and is defined by f(t) = 1000 sin(2Ot), where t is
time. The forcing frequency, (of = 20 rad/sec, was selected to be less than the
first non-zero natural frequency of the beam, which is _3 = 22.37 rad/sec
(3.561 Hz).
Convergence of approximate responses
A plot of the displacement error norm, e u, as a function of the number of
basis vectors, m, is shown in figure 2 for the unconstrained beam example. The
results shown in the figure are for the MDM, MAM, FDM (order 4 and 6) and the
Lanczos method at time t = 1.0 sec. The horizontal line at a value of e u = 10 -2
on the ordinate represents the value of the previously described error limit, and
error values on and below this line represent a calculated response that has
negligible or acceptable error.
As shown in figure 2, the MAM, the FDM (order 4), and the FDM (order 6)
each converge to the prescribed error limit using only one mode or basis vector.
The Lanczos method requires two basis vectors for convergence, and the MDM
requires three modes or basis vectors for convergence. It is apparent that for
this example problem, all of the methods are effective in representing the
transient displacements using a small number of basis vectors.
The moment error norm, e M, as a function of the number of basis vectors, m,
is shown in figure 3. The results are presented at time t = 1.0 sec for the same
methods used in figure 2. The Lanczos method converges to the presribed
error limit using two basis vectors. The MAM, the FDM (order 4), and the FDM
(order 6) each requires three modes or basis vectors for convergence.
However, the MDM, requires 25 modes or basis vectors for convergence. The
poor convergence of the moment solution illustrated by the MDM is not unusual
since the moments depend on the second derivative of the displacements, and
any errors that are present in the displacements will be magnified by the
derivative process.
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Computational time requirements
A comparison of the computational time (i.e., CPU time) required for each
method to yield converged displacement solutions is presented in Table I. The
CPU times given in Table I are normalized with respect to the CPU time
required to obtain the full-system solution, and they are for the first occurrence
of a value of eu less than the predefined error limit of 0.01. The number of basis
vectors is the number required for each method to reach the value of eu that is
given in the table. The times given for the modal methods include the time
required for the computation of the specified number of natural frequencies and
eigenvectors using the Lanczos-vector-based eigensolver, and the time shown
for the Lanczos method includes the time for the eigensolver to compute the
specified number of Lanczos vectors. The time to compute the rigid-body
displacements and the a E matrix is also included in the times given for the
Lanczos method. As shown in Table I, all four of the reduced-basis methods
require approximately the same amount of CPU time to obtain converged
displacement solutions, with the Lanczos method requiring the least amount of
time.
A similar comparison of the normalized CPU time required for each method
to obtain converged moment solutions is presented in Table II. The CPU times
presented are for the first occurrence of a value of e Mless than the predefined
error limit e M= 0.01. All four of the reduced-basis methods require a similar
amount of CPU time, with the Lanczos method requiring the smallest amount of
time to obtain converged moment solutions.
High-speed civil transport aircraft subject to a normal wing-tip load
The high-speed civil transport aircraft example problem represents a larger,
more realistic and complex structure, and is illustrated in figure 4. Only half of
the structure is modeled to take advantage of the physical symmetry. A plane of
symmetry is defined on the centerline running down the length of the model.
The model is otherwise unconstrained. The finite element model contains 398
nodes and 1323 rod, beam, membrane and shear elements. Each of the nodes
has four unconstrained degrees-of-freedom, and, excluding the symmetry
constraints, there is a total of 1316 degrees-of-freedom. The forcing function,
f(t), acts normal to the wing tip (i.e., in the z-direction), and the amplitude varies
as a sinusoidal function of time defined by f(t) = 1000 sin(10t), where t is time.
The forcing frequency, (3f = 10 rad/sec, was selected to be less than the first
non-zero natural frequency of the aircraft, which is (34 = 14.14 rad/sec (2.251
Hz). Damping is not considered in this example.
Convergence of approximate responses
A plot of the displacement error norm, e u, as a function of the number of
basis vectors, m, is shown in figure 5 for the high-speed civil transport example.
The results shown in the figure are for the MDM, MAM, FDM (orders 3 and 5)
and the Lanczos method at time t = 1.0 sec. As shown in figure 5, the MAM and
the FDM (orders 3 and 5) converge using only one mode or basis vector. The
MDM requires two modes or basis vectors for convergence, and the Lanczos
method requires five modes or basis vectors for convergence.
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The moment error norm, eM, as a function of the number of basis vectors, m,
is shown in figure 6 for the high-speed civil transpOrt example problem. The
values of stress used in Eq. (37) are the membrane stresses in the wing and
fuselage cover panels. These cover panels were modeled in the finite element
model using membrane elements. The results are presented at time t = 1.0 sec
for the same methods used in figure 5. The MAM and the FDM (order 3 and 5)
each require two modes or basis vectors to converge to the error limit, the
Lanczos method requires nine basis vectors, and the MDM requires ten modes
or basis vectors to converge. The poorer convergence of the stresses when
compared to the convergence of the displcements is not unusual since the
values of stress depend upon the second derivative of the displacements.
Computational time requirements
A comparison of the normalized CPU time required for each method to yield
converged displacement solutions is presented in Table II1. As shown in Table
Ill, the MDM requires the smallest amount of CPU time to obtain converged
displacement solutions. The MAM and the Lanczos method each require
approximately the same amount of time, and the FDM (order 3 and 5) requires
the largest amount of time. A large portion of the added computational time
required for the MAM, the FDM (orders 3 and 5) and the Lanczos method is
spent on the calculations involving the a E matrix. Therefore, since the MAM and
the Lanczos method each require one calculation involving the a E matrix, it is
reasonable that these two methods require approximatley the same amount of
CPU time. The CPU time requirements for the FDM (orders 3 and 5) are
increased over those for the other methods because the FDM requires several
more calculations involving the a E matrix as the order of the method used is
increased.
A comparison of the normalized CPU time required for each method to
obtain converged stress solutions are presented in Table IV. The CPU times
presented are for the first occurrence of a value of es less than the predefined
error limit es = 0.01. As with the displacements, the MDM requires the smallest
amount of CPU time to obtain converged displacement solutions. The MAM
and the Lanczos method each require approximately the same amount of time,
and the FDM (order 3 and 5) requires the largest amount of time. However, the
CPU times required by all four reduced-basis methods to obtain converged
displacement and stress s_olutions are significantly less than the CPU time
required to obtain the corresponding full-system solutions.
Concluding Remarks
The present study develops, verifies, and compares two advanced reduced-
basis methods and two lower-order modal methods for linear transient structural
analysis of unconstrained structures. The advanced reduced-basis methods
studied are a higher-order modal method referred to as the force-derivative
method (FDM), and the Lanczos method, a reduced-basis method that uses
Lanczos vectors as basis vectors. The lower-order modal methods are the
mode-displacement method (MDM) and the mode-acceleration method (MAM).
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The modifications made to the theory for these methods to allow for the analysis
of unconstrained structures are presented and discussed.
Solutions from the four methods are verified with a full-system solution
obtained by directly integrating the full system of equations of motion using the
Newmark-Beta implicit time integration method. The accuracy of the
approximate responses have been measured using a relative, spatial error
norm. Computational time for the four methods as well as the full-system
solution are compared. The results from the methods have been compared for
two example problems: an unconstrained beam subject to a uniformly
distributed load which varies as a sinusoidal function of time and an
unconstrained high-speed civil transport aircraft subject to a normal wing tip
load which varies as a sinusoidal function of time. The scope of these two
example problems is not intended to be an exhaustive study since several
problem parameters were not considered. The parameters not included in the
present study are: the time variation of the forcing function, the inclusion of
different types of damping (i.e., proportional and non-proportional), and the
spatial distribution of the forcing function.
All four of the reduced-basis methods are shown to require very few basis
vectors and approximately the same amount of CPU time to obtain convereged
displacement solutions for the unconstrained beam problem. The number of
basis vectors required by the MDM to obtain converged moment solutions is
significantly larger than that required to obtain converged displacements.
However, the CPU times required by all of the methods to obtain converged
moment solutions are very nearly equal.
The MAM and the FDM with the inclusion of third- and fifth-order terms have
been found to require the fewest number of basis vectors to obtain convereged
displacement and stress solutions for the unconstrained high-speed civil
transport example. However, the CPU time required to calculate the terms
involving an elastic flexibility matrix, a E, increases the solution time required for
these modal methods. This elastic flexibility matrix has been used to eliminate
the need to compute the inverse of the stiffness matrix. Increases in the CPU
time required for the Lanczos method also occur because of the calculations
involving a E. Therefore, since the MDM requires a relatively small number of
basis vectors to obtain converged displacement and stress solutions for this
example, it requires smaller amounts of CPU time than the MAM, the FDM and
the Lanczos method.
In general, it is concluded that the MAM and the higher-order modal method
(FDM) offer an advantage in terms of the number of basis vectors required to
obtain converged solutions. However, due to the computational requirements
associated with the calculations involving the elastic flexibility matrix, the CPU
time requirements for the FDM will be greater than those for the MAM. The
Lanczos method does not offer an advantage over the MAM or the FDM in terms
of the number of basis vectors required to obtain converged solutions.
Furthermore, the CPU time requirements for the Lanczos method are, in
general, similar to those for the MAM. For large problems with rigid-body
modes, the MDM may require the smallest amount of CPU time if it is able to
obtain converged solutions with a relatively small number of modes.
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Table I. Comparison of CPU times at first occurrence of eu < 0.01 for the
free-free beam example.
Method No. of Basis e u x 10-3 Normalized
Vectors CPU time a
a CPU
MDM (order 0) 3 4.375 0.2673
MAM (order 1) 1 1.540 0.2528
FDM (order 4) 1 1.194 0.2624
FDM (order 6) 1 1.185 0.2695
Lanczos 2 0.3494 0.2430
Full-System Solution - - 1.000
times normalized with respect to the full-system solution time
Table I1. Comparison of CPU times at first occurrence of eM< 0.01 for the
free-free beam example.
No. of Basis e M x 10 .3 Normalized
Method Vectors CPU time a
MDM (order 0) 25 9.292 0.4960
MAM (order 1) 3 5.717 0.3298
FDM (order 4) 3 5.383 0.3404
FDM (order 6) 3 5.354 0.3432
Lanczos 2 7.239 0.2890
Full-System Solution - 1.000
CPU times normalized with respect to the full-system solution time
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Table III. Comparison of CPU times at first occurrence of eu < 0.01 for the high-
speed civil transport aircraft example.
Method No. of Basis e u x 10 .3 Normalized
Vectors CPU time a
MDM (order 0) 2
MAM (order 1) 1
FDM (order 3) 1
FDM (order 5) 1
Lanczos 5
Full-System Solution
a CPU times normalized with respect to the full-system solution time.
4.030 O.02765
5.486 0.06908
4.161 0.1073
3.962 0.1462
5.073 0.06753
1.000
Table IV. Comparison of CPU times at first occurrence of es < 0.01 for the high-
speed civil transport aircraft example.
Method No. of Basis e u x 10-3 Normalized
Vectors CPU time a
a CPU
MDM (order 0) 10 9.454 0.06317
MAM (order 1) 2 8.847 0.08229
FDM (order 4) 2 8.127 0.1202
FDM (order 6) 2 8.097 0.1558
Lanczos 9 5.959 0.08688
Full-System Solution - - 1.000
times normalized with respect to the full-system solution time.
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